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Exact solutions of a two-dimensional Kemmer oscillator in the gravitational field of 

cosmic string 
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The two dimensional Kemmer oscillator under the influence of the gravitational fleld produced 
by a topology such as the cosmic string spacetime and in the presence of a uniform magnetic fleld 
as well as without magnetic fleld are investigated. The eigensolutions of our problem have been 
found by using the generalized parametric Nikiforov-Uvarov (NU) method, and the influence of the 
cosmic string space-time on the energy spectrum has been analyzed. We show that the dependence 
of the energy levels of the quantum system with the angular deficit a, which characterizes the global 
structure of the metric in the cosmic string spacetime, breaks the degeneracy of these levels. 


I. INTRODUCTION 

In relativistic quantum mechanics, the exact solutions 
of the wave equation are very important for the under¬ 
standing of the physics that can be brought by such solu¬ 
tions. They are valuable tools in determining the radia¬ 
tive contributions to the energy. The quantum mechanics 
of charged, massive, and spin-1 particles in an external 
field has been studied in many different situations using 
different techniques EH- These works have especially 
investigated the solutions of the equation in a magnetic 
field. These techniques are very complex in their de¬ 
termination of the eigensolutions of such particles. The 
relativistic wave equation for a massive spin-1 particle 
was initially derived by Kemmer in 1939. The Kemmer 
equation is a Dirac-type equation, which involves ma¬ 
trices obeying a different scheme of commutation rules 

m- 

The analysis of gravitational interactions with a quan¬ 
tum mechanical system has recently attracted attention 
in particle physics and has been an active field of re¬ 
search. The general way to understand the interaction 
between relativistic quantum mechanical particles and 
gravity is to solve the general relativistic form of their 
wave equations. These equations may be considered in¬ 
significant at the atomic scale, where gravitational ef¬ 
fects are weak, but the physics governing these particles 
plays an important role in astrophysics and cosmology, 
in which gravitational effects play a dominant role. In 
addition, studying single-particle states is important to 
constructing a unified theory of gravitation and quantum 
mechanics (see @ and references therein) . 

The Dirac oscillator was for the first time studied by Ito 
and Carriere. On the other side, Moshinsky and Szczepa- 
niak were the first who introduced an interesting term in 
the Dirac equation. More specifically, they suggested to 
substitute in the free Dirac equation the momentum op¬ 
erator p like p— imujfjr. They could obtain a system in 
which the positive energy states have a spectrum similar 
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to the one of the non-relativistic harmonic oscillator. Re¬ 
cently, this interaction has particularly got more interest 
0 . It is reviewed, because of the interest in the many dif¬ 
ferent domain in physics . Furthermore, the interaction 
of this oscillator with a gravitational field produced by 
topolog ical defects, has become a well-investigated topic 

EM). 

The aim of the present study is to solve the Kemmer os¬ 
cillator in a background produced by topological defects, 
such as cosmic strings and magnetic cosmic strings. Also, 
our contribution redresses the lack of existing literature 
concerning the physical properties of charged, massive 
scalar particles of spin-1 interacting with gravitational 
fields due to topological defects. 

This paper is organized as follows: in Sec. II, we 
present a review of the the solutions of the DO in the 
cosmic string background. Sec. Ill is devoted to solve ths 
case of the Kemmer oscillator in cosmic string space-time 
using NU method. Finally, Sec. IV, will be a conclusion. 

II. EIGEN SOLUTIONS OF THE 

TWO-DIMENSIONAL DIRAC OSCILLATOR 

A. The solutions without a magnetic fleld 

In this section we review the solutions of a two- 
dimensional Dirac oscillator in the cosmic string back¬ 
ground. The metric describe the cosmic string is given 
by: 

ds^ = —dt^ + dp^ + a^p^dcf)^ + dz^, ( 1 ) 

where —oo < (t,z) < -boo, 0 < p < oo and Q < (j) < 
2 tt. The parameter a is the deficit angle associated with 
conical geometry obeying a = 1 — At], and rj is the linear 
mass density of the string in natural unite h = c = 1. 

The Dirac equation in the arbitrary curved spacetime 
is written bv|ll| 

[ij>^ix)idfj,-Tfj,)-m]'ipD = 0, ( 2 ) 

where m is the mass of particles, F^ (x) are the spinor 
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affine connections and 7 ^ are the generalized Dirac ma¬ 
trices satisfying the anticommutation relations 

{7^7‘'} = 2g'^^ (3) 

and defined in terms of a set of tetrad fields by 

1 '" (x) = {x) , (4) 

where satisfies the relation (x) (x) 7 “^ = g^'', 

and {g,v) = (0,1,2,3) are tensor indices, {a,b) = 
(0,1,2,3) are tetrad indices and 7 ° are the standard 
flat spacetime Dirac matrices |12 - [l^ . The tensor 77 “^ = 
diag (—1,1,1,1) is the Minkowski tensor. 

For the two-dimensional case, we choose the Dirac ma¬ 
trices 7“ in terms of Pauli matrices as 


7“ = C 


(j , zcT , isa' 


'■) 


(5) 


with parameter s takes the values ±1 (- 1-1 for spin up 
and —1 for spin down) 

The spinorial connection is given bydl 


r^(x) = -UJf,ab [ 7 “, 7 l ■ 


( 6 ) 


These components can be obtained by solving the 
Maurer-Cartan structure equations in the absence of tor¬ 
sions: de“ + = 0 , where uj^ = a;“ ^ (a:) and 

(x) is called connection 1 -form ( 2 ^. 

According to Eq. ([T]), we choose the tetrads for the 
line elements being 


= dt; e = dp, , e = pdp, (T = dz. 


(7) 


By solving the Maurer-Cartan structure equations, we 
obtain that 


(x)r^ (x) = -^ 7 !. 


( 8 ) 


Now, to include the Dirac oscillator term imLofip into 
Eq. (12), we proceed with the following substitution in 
the radial momentum component di —>■ di +mujp. Hence 
Eq. (12 is transformed into 

Z7°5o + *7^ + mojplS + | ijjD 

+ (i—d2 — ipD = 0. (9) 

\ ap J 

In order to solve the Eq. we adopt the following 

Ansatz 




( 10 ) 


I I a 1 A . ^ 

+ 1 ^ mujp -I- IS 


2p ' j \ ctp 

After a simple algebraic calculation, we have 


[E + m)x 

^ = 0. (12) 


+ -dp-[ -f % - 7:p 
. P [ 


with 


and where 


_o 

jU(pV" ’ 

(13) 


,i = A±l (A = =l±i 

1 \ a 


= E — m + 2moj I A =F 


(14) 


(15) 


By making a change of variables g = mtup'^ , Eq. m 
transforms into 

+ i ■ 4^) } (x) 

(16) 

Now, in order to solve the last equation, we use the 
well-know method based on the Nikiforov-Uvarof method 
(NU)[2^, [ 2 ^. Thus, by comparing with the equations 
from (El) to ()A11I) . the following expressions are ob¬ 
tained 


Cl = 1,C2 = 0,C3 = 0, 


4 ’ 4mw 


2 

P v+ 

As - —, 


n 1 7- 

C 4 = C 5 = 0 , ce = -, C 7 = --, 

4 Amuj 


vl 1 1 I I I 

C8 = = -,Cio = 1 + \P+\ , 


1 \d+\ 1 

Cll = 1,C12 = —^,Ci3 = -, 


2n-I-1 7_ \r]+\ 


= 0 , 


2 4mw 2 
From these equations, the form of energy levels is 


(17) 


(18) 


(19) 


( 20 ) 


( 21 ) 


( 22 ) 


By substituting (fTUl) into ([2 , we get the following system 
of equations 

(E — m) (j), 

+ = ( 11 ) 


E^ = -|- 4:17110 




(23) 


with n = ( 0 , 1 ,---), I = ( 0 , ± 1 , ± 2 , • • •), and s = ± 1 . 
The eigenfunction is given in terms of hypergeoinetric 
confluent function as 
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and where 


xip) 

^ (P). 

X F (—n, |77±| + 1, . (24) 


|'/±| I 
= (mw) ^ p\ 


V±\ -- 

/3=|g 


We note here that the eigensolutions obtained 
iEas. (1231241)) are similar to the one found bv [HI- 


x{p) 

Hp) 


, L' I 

= (tow) pi '±le 2 
X F (—n, I + 1, TOwp^) . (33) 


Also, these eigensolutions are similar to those found 

indH. 


B. The solutions in a magnetic cosmic string 
background 


III. EIGEN SOLUTIONS OF THE 
TWO-DIMENSIONAL KEMMER OSCILLATOR 


The two-dimensional Dirac equation in the background 
of a cosmic string with magnetic field defined by its mag¬ 
netic vector potential 

is 

+ * 7 ^ ^^1 + rnujpP + | ipo 

Using the same Ansatz as in Eq. (fTUl) . and project it in 
Eq. (Uni) we obtain 


A. The solutions without a magnetic held 

The free relativistic Kemmer equation in curved space- 
time is 

- m) V'if = 0, (34) 

where M is the total mass of identical spin particles 
and /3 are Kemmer matrices for the cosmic string back¬ 
ground given by Eq. O- They satisfy the following 
commutation relation 

+ = (35) 

with 


dp + ^dp - {m'^uj'^p^ + ^ “ ^=1 


with the following substitutions 


(<t>{p) 

Vx (p) 


± — = A ± —, 
2 2 


and 


P± = s- 


= E — m + 2tow a =F 


= 0 , 

(27) 

(28) 

(29) 


Defining the following variable g = muip'^, Eq. dUD trans¬ 
forms into 


d^ Id (p2 I \ 

dg^ gdg 4 Amujgj 


<P{g)=0. (30) 


By using the NU method, we have that the following 
eigensolutions 


[x) ® i + I ® (x). (36) 

The 7^ {x) are the Dirac matrices defined in the previous 
section Eq. I is a 4 X 4 identity matrix, and 0 

indicates a direct product. The covariant derivative in 
equation (IMl) is 


V^=dp-Ep, (37) 

where the spinorial connections can be written as 

= lim 0 / + J0 , (38) 

where the spinorial connection T^ (x) is given by the 
equation ([S]). 

The stationary state i/'if of the equation (IM)) is four- 
component wave function of the Kemmer equation, which 
can be written in the form 

t/jR = IpD = {i’l fp2 V'3 ^4)^, (39) 


= m? + 4tow I n + 


\P± 


_!k + i 

2 2 


(31) 


with u = 0,1, 2 ,... and I = 0 , ± 1 , ± 2 ,..., and 


i± = ^±5 = - 




e(j)B \ _ s 


27r j 


— V± — — Ob + t; 


( 32 ) 


with ipB is the solution of the Dirac equation. 

Thus, the Kemmer equation in the cosmic string back¬ 
ground is 

{i~OdQ + iOdi + {d2 - E2 ) - m} V'if = 0. (40) 

In the presence of Dirac oscillator potential, we could do 
the following change: di ^ di + MuipB. The operator 
















we get 
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B is chosen a.sB = 7 ° 0 7 ° with = I . Hence the 
Kemnier equation with Dirac oscillator interaction 

(^7° 0 / + / 0 7°) i 9 o + D + n } V'if = 0, (41) 


with 


[] = i I ^ 7 ^ 0 / + / 0 7 ^^ + MupB^ I, (42) 

n =i{(7"0i + /07 ") (52-S2)-m}. (43) 


Ql + ^_MWp^- ^ 


P 




x{p) 


J 

+ [-2Muj + 4,sEuj- + E‘^ - ]x(p)=0. (52) 

' a 4 ' 


Now, when we use the following transformations: 

A=^, 


(53) 


Substituting Eq. (1551) into Eq. (I5D1) . we obtain the fol¬ 
lowing system of equations 


^ = E^ +4Eu;X-2Muj- (54) 


{2E - M)iPi- [di- Mujp - 


— ( 9i — Mojp — 


isd2 

ap 

isd2 

ap 


i’2 


V'a = 0, (44) 


we have 


dl + -^dp - + M^uj^p^ - ) }> X (p) = 0. (55) 


di + Mujp -\ -h is— ) ipi + Mip 2 

P apj 

-I- ( 9i -I- Mojp -I-1 - is—) '04 = 0, 
P apj 


We remark that the last equation is similar to the Eq. 
m- So, by using the same method as in the case of 
two-dimensional Dirac oscillator, we obtain 


(45) ^ a2 ,1 

1 Tv O 


\dg^ gdg \ 4 p 2 4 AMuig 


Xip)=0. (56) 


1 d \ 

di + Mojp -\ -h is— ) 01 -I- M03 

P apj 

-b ( 01 -I- Mujp -\ -is— ) 04 = 0, 

V P OiPj 


(46) 


By applying the (NU) method, we arrive at these expres¬ 
sions 


Cl = 1,C2 = 0,C3 = 0, 


(57) 


{2E -b M) 04 -b ( 01 — Mujp + 


is 02 

ap 

is 02 


02 


-b 01 - Mojp + —i 03 = 0. (47) 


ap 


From these equations, we get the following results 


02 = 03, 


(48) 


ei = -6 = ^6 = - 


C4 = C5=0,C6 = i,C7 = -^, 


1 

Cs = cg = ^, cio = 1 + |A| , 


(58) 

(59) 

(60) 


01 = 


2 ( 0i-M.gp-^) 


2E- M 


02 , 


(49) 


1 1^1 1 
Cll — l,Ci2 — —,Ci3 — -, 


(61) 


-2 U-Mojp+i^) 

V'4 = -^- „„ , ,, -^ 02 - 


(50) 


Putting Eqs. 
the following choice 


2E + M 
and (|50p into Eq. SD, and with 


2 n -b 1 




2 4Ma; 

Thus, the eigensolutions are 


A 


I s J I 


02 (p) = e (Muj) ^ p\ a \e 

xE(-n,|^| + l,Mccp") 


Js I 


(62) 


02 = (p) 


(51) 


(63) 
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E = 2r 


J 


±W4r2— +2r (1^1+2n + 2) + 


(64) 


2(di- Mujp + ^ 

2E-M ^ ^ 


with r = ■^. We note here that the presence of the pa¬ 
rameter a, in the spectrum of energy, breaks the degener¬ 
acy of the energy levels. Furthermore, by taking the limit 
a —>■ 1 into Eq. we reach the exact result of two- 

dimensional Kemmer oscillator in Minkowskian spactime 


B. The solutions in a magnetic cosmic string 
background 

By adopting the same vector potential as in the Dirac 
oscillator, the Kemmer oscillator in a magnetic cosmic 
string spacetime obeys 


(i^°do + i^^di+^ i/jK 
.e^\ _ 


+ [d2-E2 + i^j -Mj^K = 0. (65) 

By using Eq. (13811 . the above equation transforms into 

(2E (di- Mujp + ) 1 P 2 

\ 27Tap ap ) 

-U- - !£^) * = 0, 


27rap ap 


di + Mujp -I- i + is—] V’l + M'ip 2 

p Inap apJ 

E (di+ Mujp -I- i -I- -is—^ ^"4 = 0, 


( 66 ) 


p 2-Kap ap J 


(67) 


di + Mojp -I- i + is—) ijji + 1^11)2, 

p Inap apJ 

(di-\- Mujp-\ -1- -is—^ ^”4 = 0, 

\ p Iirap ap J 


( 68 ) 


-2 


•04 = 


^di — Mujp 


e(t>B I 25^2 
27rap ' ocp 


2E + M 


-02. (72) 


By putting Eqs. (I7ip and (I72p into Eq. ((S51) . and choos¬ 
ing that 


02 = (p ), 


(73) 


we have 


52 + ^ _ M^uj^p^ _ 2Ma; - 4 + 0 ) X (P), (74) 

^ P p^ ' 


with 


u = -^ 


0 = 4Ea; 


sJ 


( se0B ^ ^ 

( sepB ^ 

V 2- ) 

oV 2- j 

a2 

“ a2 

( e4>B \ 

1 ^ 


* 1 _L fi^2 


a a 


m2 


(75) 


(76) 


Also, Eq. dZl) can be rewritten by 


-h tSp - - A ) X (p) = 0, (77) 


with 


P = 


4^-^) . ( 2 

—^A = [E^ + AEujp - 2Muj — 


(78) 

According to the above case, and by using the (NU) 
method, the eigensolutions are 


E = 2ujp 


±2^lu;^p^+{^+Mu;0-^ + l + n]], (79) 


{2E -H M) 04 + 



-h 



Mujp 

Mujp 


e(j)B isd2 

ap 

_l_ ^'^^2 
2Trap ap 


2'Kap 

e4>B 


02 

03 = 0. 
(69) 


X (p) = (ww) 




s(j-SpL\ 



V 2,r ; 

2 

p 

a 


2^ 


X 



(80) 


Erom these equations, we get the following results 


(70) 


We remark that if we put 0 b = 0 (B = 0) in Eq. (TZiB . we 
recovert the same results obtained in the previous section 
(Eq. (IMl)). 


02 = 03 





































6 


IV. CONCLUSION 


In this work, we have considered the case of a Kemmer 
oscillator for vector bosons in a magnetic cosmic string 
space-time. The eigensolutions are obtained by using the 
generalized parametric NU method. We show that the 
quantum dynamics of a physical system depend on the 
topological defects features of the cosmic string, and the 
eigensolutions possesses an explicit dependence on the 
parameter a. Furthermore, by comparing the spectrum 
of energy obtained in our case with those of the same 
problem in the flat spacetime jl^l, we can see that the 
presence of the angular deficit a, which characterizes the 
global structure of the metric in the cosmic string space- 
time, breaks the degeneracies of these energies. 


According to the Nikiforov-Uvarov (NU) method, the 
eigenfunctions and eigenvalues are given by 

■0 (s) = (1 — (A2) 

X (1_2c3s), 

and 

cin - (2n -I- 1) C5 -I- (2n -f 1) -f ca^ci') 

+n {n - 1)C3 + C 7 + 2 c3 C8 -f 2y/csCg = 0. (A3) 

The corresponding parameters are 

C4 = ^ (1 - Cl), C5 = i (C2 - 2c3) , (A4) 

C6 = cj + (i, C7 = 2c4C5 - C 2 (AS) 


C 8 = C 4 -I- Ca, Cg = C 3 C 7 -I- C 3 C 8 -I- C 6 , (A 6 ) 

CIO = Cl -I- 2 c4 -I- 2y/c^, (A7) 


Appendix A: Review of the Nikiforov-Uvarov (NU) 
method 


The Nikiforov-Uvarov method is based on solving the 
second-order differential equation of Schrodinger, Dirac 
and DKP equations by reduction to a generalized equa¬ 
tion of hyper-geometric type. The following equation is 
a general form of the second order differential equation 
written for any potential as 


Cll = C2 — 2 c5 -I- 2 {y/cg + Cg^/cs) , (AS) 

C 12 = C4 -I- Ci 3 = C 5 - (v^ + C 3 i/ci') ■ (A9) 

In special case of C 3 = 0, when 

lim (1 - C 3 s)“‘=^=^“^ = 6^130 (AlO) 

C3->0 

lim (1 - C 3 S)"^^^“^ ^ pcio -1 ^ 

C3-S-0 

(All) 

the wave function becomes 


ds"^ 


Cl - C2S d -Cis^ + C 2 S - Ca 

s(l-C3s)ds {s(l_c3s)}^ 


0 = 0 . 
(Al) 


0 (s) = (ciis), (A12) 

where (cus) is the generalized Laguerre polyno¬ 

mial. 
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